We examine instabilities of the plateau phases in the spin-1/2 kagome-lattice antiferromagnet in an applied field by means of degenerate perturbation theory, and find some emergent supersolid phases below the m = 5/9 plateau. The wave functions of the plateau phases in a magnetic field have the particular construction based on the building blocks of resonating hexagons and their surrounding sites. Magnon excitations on each of these blocks suffer from a kinetic frustration effect, namely, they cannot hop easily to the others since the hopping amplitudes through the two paths destructively cancel out with each other. The itineracy is thus weakened, and the system is driven toward the strong coupling regime, which together with the selected paths allowed in real space bears a supersolid phase. This mechanism is contrary to that proposed in lattice-Bose gases, where the strong competing interactions suppress with each other, allowing a small kinetic energy scale to attain the itinerancy. Eventually, we find a supersolid state in which the pattern of resonating hexagons are preserved from the plateau crystal state and only one-third of the originally polarized spins outside the hexagons dominantly join the superfluid component, or equivalently, participate in the magnetization process.
I. INTRODUCTION
Frustrated systems offer a platform to study the interplay of competing interactions and quantum fluctuations, which has been the source of several concepts including spin liquids, [1] [2] [3] valence bond crystals, 4 spin nematics, 5, 6 electronic frustration, 7, 8 etc. However, it is difficult to understand precisely how the "frustration" acts in the respective phases of matter. In overall, geometrical frustration means the competing interactions that leads to a macroscopically quasidegenerate low-energy structure, which illustrates the impossibility to form trivial types of long-range orders. It is then expected that quantum fluctuations will select particular configurations out of this degenerate manifold, a mechanism called order-by-disorder. 9 This mechanism indeed gives a good description of how the supersolids could be formed in Bose gases on optical lattices. [10] [11] [12] There, the interactions between boson are large compared to the kinetic energy, and the degenerate manifold of states are mixed but the resultant state still keeps a part of the sites to have a localized component of bosons while the rest of the sites join a superfluid.
Supersolid is an established phase of matter, [13] [14] [15] [16] but still elusive in a sense that, after the first realistic proposal on solid helium-4 17 , only few examples appeared; only recently that the supersolid proposed in theory [10] [11] [12] was found in experiments on atomic quantum gas on optical lattice 18 . Other than that, there are some in some small windows of the magnetization curves of frustrated quantum spin system with large Ising anisotropy, or equivalently, strongly interacting hard core bosons on the frustrated square [19] [20] [21] and triangular [22] [23] [24] lattices. It also appears in the frustrated Heisenberg antiferromagnets in the triangular and Shastry-Sutherland lattices. 25 In quantum magnets, the "interactions" refer to the Ising type of interactions, and "quantum fluctuations" or "kinetic term" to the XY interactions. In the Heisenberg model, the two energy scales are essentially the same, whereas in the XXZ model with strong Ising anisotropy, the strong coupling picture of the aforementioned atomic gas is applied. Thus, even though the supersolids of frustrated quantum magnets look quite alike with those proposed in atomic gasses, the Heisenberg ones are the exceptions that are not due to the interplay of large interactions and frustration. Indeed, a magnetic field already splits these degenerate energy levels into several pieces of manifolds, and the severe frustration due to competing interaction is partially resolved. In such case, another important aspect of frustration plays a crucial role.
To highlight this point, we here focus on the antiferromagnets on the Shastry-Sutherland and kagome lattices. These two are the limited numbers of nontrivial systems that host numbers of plateau phases; plateaus are the spin gapped phases in an applied field, and many of them can be regarded as crystals of magnons. [25] [26] [27] [28] [29] [30] [31] In this picture, the magnetic field plays the role of a chemical potential of the bosonic magnetic particles. Depending on the relative strength of the kinetic and interaction terms, they generally form either a superfluid (or Bose Einstein condensate (BEC)) or a crystal, i.e. a spin density wave phase. The necessary condition to have a plateau is a well established commensurability criterion on the magnon density, [32] [33] [34] and a large enough interaction gives a sufficiency. Now, the above mentioned two lattices afford the strong reduction of the magnon hopping by the kinetic frustration effect, 35, 36 called destructive interferences as well. The Shastry-Sutherland antiferromagnet has an orthogonal dimer lattice with an exact dimer-product ground state. 37 In this state, both sites of a dimer are connected to the same nearby site, and that site cannot have a finite hopping weight from the dimer due to the cancellation of the weight from two paths. 37 Then, the magnon kinetics is dominated by the hopping processes mediated by another bosons, which is called the correlated hopping. 25, 31 This particular suppression of kinetics against the interaction term favors numbers of plateau phases as the crystals of magnons 25, 31, [38] [39] [40] or possibly pairs of bound arXiv:1804.00789v2 [cond-mat.str-el] 9 Apr 2018 magnons, 41 and supersolid phases nearby. 25, 42 Similar kinetics takes place for the kagome system, [43] [44] [45] [46] [47] [48] where the resonating magnons on hexagonal units cannot hop to the surrounding sites due to the cancellation just as those on the dimers of the Shastry-Sutherland model, which we explain in more detail shortly. This kind of kinetic frustration is also well-known as the origin of the flat band in a series of line graphs including the kagome lattice. 49 In the present paper, we examine the phases in the magnetization curve of the kagome antiferromagnet off the plateaus, whose nature has not yet been disclosed, and find that the kinetic frustration plays a key role in keeping the magnons relatively localized, which drives the system to a strong coupling region. The phase thus formed in the vicinity of a plateau is a typical supersolid of magnons. 54 However, the magnetization curve with successive plateaus found in theory 44, 48 has not yet been observed yet, whose exploration is an ongoing issue.
The paper is organized as follows: In Sec. II, we present our degenerate perturbation theory on the magnon excitations below the 5/9 plateau. There, we derive the noninteracting one-magnon effective model, thereby examining the instability taking place by the itinerancy of magnons. We also derive two-magnon interactions. Section III is devoted to the analysis of the magnetic structure in the possible supersolid phases, stabilized by the magnon interaction, below the 5/9-plateau phase. We finally briefly mention instabilities in the other plateaus in Sec. IV and conclude with some remarks in Sec. V.
II. DEGENERATE PERTURBATION THEORY
We consider the Hamiltonian of the spin-1/2 Heisenberg antiferromagnet in a magnetic field on the kagome lattice,
where S i is the spin-1/2 vector operator on site-i, J > 0 the antiferromagnetic exchange, h the external magnetic field, and i, j denotes the neighboring pairs of sites i and j. We define the normalized magnetization per site m = 2 i S z i /N , where N is the number of sites, such that the saturation value is m = 1.
Previous studies have revealed that this model has four magnetization plateaus at m = 1/9, 1/3, 5/9 and 7/9, separated by superfluid regions. In the following, we will not discuss the small plateau at m = 1/9, whose nature is still unclear. 46, 48, 55 There are several numerical evidences that the other plateaus at m = 3/9, 5/9, 7/9 host crystals which all have the same symmetry breaking of an extended nine-site unit, called √ 3 × √ 3 structure. 43, 44, 48 A schematic picture of those crystals is given in Fig. 1(a) . Hexagons labelled with dashed circles indicate magnons localized on those hexagons,
structure in the reported m = 1/3, 5/9, and 7/9 plateau phases, 44, 48 where hexagons with dashed circles represent localized magnons and the rest of the spins are fully polarized. A and B label those two types of inequivalent sites in the crystal state. (b) Hexamerized kagome lattice used in the perturbation theory approach, which becomes the uniform kagome lattice at J = J. The two lattices have the same space group symmetry.
while the rest of the spins, not directly represented here, are fully polarized along the field.
The m = 7/9 plateau actually provides a particularly clear picture since the product state corresponding to the √ 3 × √ 3 structure is an exact eigenstate of Eq. (1). 56 Starting from the fully polarized state and introducing a single down spin, one can construct an exactly localized magnon by assigning a staggered phase to the down spin around a hexagon. This results in the cancellation of the hopping outside of the hexagon, which is the aforementioned kinetic frustration effect. We call the hexagon hosting the localized one-magnon state a resonating hexagon. From this single localized magnon, an exact 57, 58 ground state for m = 7/9 is obtained by the tiling the lattice with these resonating hexagons in a fully-packed manner. This state has a finite spin gap and thus leads to the presence of a plateau. 31, 32 The other two plateaus, although they do not have an exact description, are well approximated by the similar structure of two or three down spins resonating on hexagons and fully polarized spins on all the other sites. 44, 48 Their stability is interpreted in terms of the same mechanism.
In the remaining part of this section, we introduce a hexamerized Hamiltonian based on the plateau spatial structure and perform a perturbative expansion of the magnon excitations starting from the plateau state. We focus on the stability of the plateau m = 5/9 at its low field boundary by examining one-magnon instabilities towards possible supersolid phases.
A. Hexamerized lattice and decoupled limit
Based on the symmetry breaking pattern of the plateau state, we divide the kagome lattice between the resonating hexagonal units and the surrounding polarized sites, which we denote as A and B, respectively, as shown in Fig. 1(a) . For a lattice of N sites, there are 2N/3 sites belonging to resonating A-hexagons and N/3 B-sites around them.
The starting point of our approach is the aforementioned trial wave function of the m = 5/9 plateau state, which is a product state given by
where |S z , l A;I denotes the l-th lowest eigenstate (l = 0, 1, 2 · · · ) for a given total magnetization S z sector of the Heisenberg model on an isolated hexagon, and | ↑ B;i is the S z = 1/2 state of the i-th B-sites. In the following, we adopt the minuscule and majuscule indices to label the A-hexagons and B-sites, respectively. According to numerical simulations, this wave function gives an accurate description of the plateau state. 44, 48 In fact, this trial wave function is the exact ground state for a model of decoupled A-hexagons and B-spins. This motivates us to assign a different interaction J between those two types of sites. We introduce the hexamerized lattice shown in Fig. 1(b) , whose associated HamiltonianH reads
where the first and second summations run over all nearest neighbor pairs inside the A-hexagons and on all bonds between A-hexagons and B-sites, respectively. The kagome lattice Heisenberg model Eq. (1) is recovered at J = J. As mentioned above, the product state (2) is immediately shown to be the exact ground state in the decoupled limit J = 0. Since the two limits J = 0 and J = J have essentially the same ground state within a certain range of h, the coupling J between the A-hexagons and the B-sites is an appropriate control parameter to understand to how much extent |Ψ 5/9 remains stable against varying the magnetic field.
Following the above context, we adopt a degenerate perturbation theory approach starting from the exact limit J = 0. Throughout this paper, we set J = 1 as the energy unit and the perturbation strength is measured by the dimensionless coupling J . Our objective is to perturbatively calculate the energies of the one-magnon 59 excitations starting from the plateau and also their two-magnon interactions. As shown in this paper, the √ 3 × √ 3 structure in |Ψ 5/9 is stable up to large J , i.e. the plateau remains finite even when J J, which also indicates the validity of our approach itself. By varying the magnetization, we examine the continuous transition induced by magnons from the plateau, which naturally leads to the formation of a supersolid.
To create magnon excitations, we will use local excitations on the A-hexagons, namely the eigenstates other than |1, 0 A;I . For this purpose, we report in Fig. 2 (a) the lower energy levels obtained by the diagonalization of the Heisenberg model on a single hexagon in the sectors S z = 0, 1, 2. The hexagon Hamiltonian is invariant under two symmetry operations, the reflection R about a plane and the translation T along the hexagon. Since those symmetry operations generally do not commute, we can only use one to simultaneously label the eigenstates of the Hamiltonian. In the following, we choose to work with eigenstates of the reflection operation, whose eigenvalues are σ = ±1. In the case of states with momentum k = 0, π, the two operations commute and we also assign them the translation operator eigenvalue. The magnetization staircase at J = 0 is shown in Fig. 2(b) , for which the exact ground states of the form (2) appear in the 1/3, 5/9, and 7/9 plateau states, by using the lowest energy states in the sectors S z = 0, 1, 2, respectively. A non-zero J allows the excited levels of the A-hexagons, as well as the flipped spins on the B-sites, to join the ground state, and we expect the plateaus sizes to shrink and superfluid regions to appear between them when magnons condense.
B. One-magnon instabilities

Flat band magnon
At J = 0, the lowest energy one-magnon state is obtained by decreasing the magnetization on an I-th hexagon. We replace one |1, 0 A;I by |0, 0 A;I as
By regarding the plateau state as the vacuum, we represent this local excitation by the creation of a hard core boson as |Ψ ex c I = c † I |Ψ 9/5 . To examine its kinetics, we derive the associated effective Hamiltonian up to third order in J as,
with µ loc = J + 0.273J 2 − 0.051J 3 . This effective Hamiltonian simply accounts for the local energy change of creating a magnon, which turns out to be localized at this order. This can be straightforwardly understood from the different momenta k = 0 and π, which results in cancellation of the hoppings through adjacent paths. In fact, because the states |1, 0 A and |0, 0 A also have opposite reflection eigenvalues (see Fig. 2(b) ), the direct hopping between nearest-neighbour A-hexagons vanishes at any order. Even though longer range hoppings are not constrained to be zero by symmetry properties, they only appear at very high order and we can thus treat this magnon as a localized boson. We here recover the effect of suppression of the kinetic energy scale discussed previously.
As stated above, the m = 1/3 plateau state at J = 0 is a crystal of these localized magnons, |Ψ 1/3 = I c † I |Ψ 5/9 (we remind it is also a good trial wave function at J = 1). However, since they form a flat band, their condensation at the lower critical field of the plateau m = 5/9 would imply a direct transition from |Ψ 5/9 to |Ψ 1/3 , and thus a magnetization jump between the two plateaux, similar to the magnetization jump between m = 7/9 and saturation. 56, 60, 61 For J = 0, this is the magnetization step already displayed in Fig. 2(b) , which, setting J = 1 in (5), is shifted to h c 1.9. Since such behaviour has not been reported numerically, 48, 55 we need to consider other one-magnon instabilities, which have a higher energy at J = 0.
Dispersive magnons
Unlike the lowest flat band magnon, the second level of the isolated hexagon in the sector S z = 0, |0, 1 A , no longer experiences localization. Indeed, its different quantum numbers, namely σ = +1 and k = 0, do not lead to destructive interferences of the different hopping paths. Because |0, 1 A and |1, 0 A are parts of the same triplet (see Fig. 2 ), this magnon excitation is simply a spin-flip of energy given by −h at J = 0. One can alternatively flip one of the polarized spins on a B-site with the same energy cost, and we thus need to consider the following two types of degenerate one-magnon excitations i |Ψ 9/5 on the I-th A-hexagon and i-th B-site, respectively. These operators are defined on the decorated triangular lattice shown in Fig. 3(a) . We then derive a one-particle effective model using perturbation theory up to third order in J , and obtain the following Hamiltonian
where t AB;r , t BB;r , t AA are the effective magnon hoppings among the A-hexagons and B-sites, and µ A , µ B are the effective chemical potentials of the two species of magnons. We label each type of transfer integrals by the index r, the distance between the two sites in the pairs of nearest to further neighbours, written for instance as I, j r . The hoppings paths are drawn in Fig. 3(b) .
In i bosons will eventually be favoured, and a † I bosons will be fully suppressed. The other important feature is that the geometry of the dominant transfer integrals does not simply follow the geometry given by the largest t AB;1 hoppings which form a triangular lattice decorated by the mediating B-sites (left of Fig. 3(d) ). Indeed, the second largest hopping is t BB;2 , which forms a large kagome lattice made from one-third of the B-sites (right of Fig. 3(d) ). Two other independent kagome lattices are formed in the same manner by the rest of the B-sites. Those three kagome are then coupled to each other by the smaller t BB;1 and t BB;3 transfer integrals. For simplicity, the very small hoppings |t AB,2−4 | < 0.007J 3 are neglected in the rest of our calculations.
The unit cell of model (7) consists of four sites, one Ahexagon and three B-sites, which belong to the three sublattices Λ n [see Fig. 3(a) ]. For later convenience, we define the Fourier transforms of the four bosonic operators as
We study the band structure of the dispersive model (7), whose minima give the magnon instabilities. Due to the competition between the hoppings and the chemical potentials, there are four different phases throughout the range 0 < J ≤ 1, including an incommensurate phase for 0.71 ≤ J ≤ 0.79. However, the energy at the minima also has to be compared with the aforementioned flat band, and we find that these minima become the lowest magnon excitation for J ≥ 0.83. In this parameter range, we are left with only two phases to investigate, which we call phase I and II. The three lowest bands are plotted in Fig. 4 for two choices of coupling J = 0.84 and J = 1 corresponding to phase I and II, respectively, together with the flat band from the first magnon state. The one at J = 0.84 has minima at the three M n points at the Brillouin zone boundary, each corresponding to the instability of magnons forming stripes. At J = 1, the minimum takes place at Γ-point, where the two bands are degenerate.
Before examining those phases in details, let us mention that inclusion of the third order contributions is essential to the above analysis. At second order, −µ A is always lower than −µ B , and t AB;1 dominates all the other hoppings for any J . In that sense, the effective model is essentially unfrustrated, and the model (7) has only one phase with a unique minimum located at the Γ point. The resulting magnon instability gives a superfluid component with weights (− 3/5, 2/15, 2/15, 2/15) on the A-hexagons and the three sublattices of B-sites. Since there is no additional symmetry breaking, the added component upon the crystal structure is a simple superfluid. The situation drastically changes when third order terms are included, because they introduce a competition among various hoppings at large enough J (see Fig. 3(b) ), and make the chemical potential −µ B lower than −µ A . This change leads to the presence of several different phases which further break lattice symmetries.
The importance of including the third order terms is also supported quantitatively. At second order, the magnon state achieves a much lower energy than at third order, and the instability thus occurs in a wider range J ≥ 0.6. For J = 1, we evaluate the plateau lower critical field to be h c 2.7. Compared to the numerical results, this largely underestimate the plateau size. At third order, the critical field becomes h c 2.3, unexpectedly close to the numerics value 2.35.
48,55
We take this value as a suggestion that this magnon state is a good candidate to describe the transition.
One can also further continue with the same approach to examine higher one-magnon excitations. For instance, the third lowest magnon state at J = 0 is created by changing one hexagon to |0, 2 A;I . However, its quantum numbers σ = −1 and k = 1 produce localized magnons. Since the effective chemical potential up to third order is small, the associated flat band remains higher in energy than the previous excitations. For even higher magnon states, it is complicated to apply the perturbative scheme because of multiple degeneracies between single hexagon energy levels. Also, they become less clearly well-separated towards the middle of the spectrum, and the validity of the perturbative approach becomes questionable. We have thus limited ourselves to magnon states obtained from the three lowest hexagon states, |0, l A with l = 0, 1, 2.
Phase I: M points instability
In the range 0.83 ≤ J ≤ 0.88, the lowest band has minima at the three distinct M n points (n = 1, 2, 3, see right panel of Fig. 4 ). At these minima, the creation operators of the one-magnon excitations are given by the linear combination of bosons in Eq. (8) with wave vector k = M n as where the coefficients c A and c B,n continuously depend on J . The wave vectors M n are the three inequivalent center points of the first Brillouin zone boundaries, shown in Fig. 4 . A single M n point corresponds to a magnon instability with a doubled unit cell of 2 × 4 = 8 sites in the direction parallel to M n . The distinctive feature of each condensate is that the d † Mn magnons have contributions from only one third of the magnons belonging to Λ n in real space, meaning that on the rest of B-sites the spins remain fully polarized. This is interpreted as a supersolid state where the superfluid and the solid components are spatially separated, as illustrated in Fig. 5(a) for k = M 1 . At this single-particle level, we cannot anticipate whether the instability will be realized as a condensate at a single M n wave vector or as the superposition of more than one condensate. The effect of magnon interactions on this degeneracy will be discussed in Sec. II C.
We point out that this phase arises from a delicate balance between the effective hoppings (provided that the difference between µ A and µ B is not too large). Indeed, the two dominant hoppings t AB;1 and t BB;2 alone cannot explain the minima at the wave vectors M n , and we need to include smaller hoppings. Among them, t AA and t BB:3 , seem to play an essential role to the formation of the stripes. Since they directly connect the sites belonging to different stripes, even a small amplitude will help this stripe to gain energy against a more complicated phase, e.g. incommensurate k-points due to several frustrated hoppings. In terms of J , the variations of the transfer integrals are quite large so that only a small window is allowed for this instability. Thus this phase is somewhat fragile, in the sense that moderate changes to the hoppings at higher orders might mask it.
Phase II: Γ point instability
For larger coupling J > 0.88, the lowest band minimum is located at the k = Γ point. As shown on the bottom left panel of Fig. 4 , there is a band touching at this wave vector. The magnon creation operators at the two-fold degenerate minimum are
The important feature of these operators is the absence of weight on the a † Γ bosons. This magnon instability would therefore lead to a supersolid phase where the local magnetizations deviate from the plateau values only on the B-sites, while all the A-hexagons remain in the |1, 0 A state and preserve the √ 3 × √ 3 structure of the plateau. Or, in the bosonic language, the superfluid component only lives on the B-sites.
Contrary to the case of the M n instability, this state can be understood from simple considerations. At large J , −µ B becomes significantly lower than −µ A by 0.5 (see Fig. 3(c) ), leading to the suppression of magnons occupation of the Ahexagons. Consequently, we can keep only the three t BB;r hoppings in the model (7) . The largest one is t BB;2 (see Fig. 3(d) ), whose geometry produces three independent large kagome lattices, as explained previously. Eventually, the flat bands of the large kagome are coupled by the two smaller couplings t BB;1 , t BB;2 and acquire a finite bandwidth. The band minimum is then simply determined by the largest of those two hoppings, here t BB;1 > 0. According to this scenario, we believe that the Γ instability should not be too fragile with respect to higher orders: it mainly relies on the much lower chemical potential level of B-sites, which effectively removes many of the hoppings from the problem, and next on which of t BB;1 or t BB;3 to be largest other than t BB;2 .
The physical interpretation of this two-fold degeneracy is that of chiral magnons. This is readily seen by taking the linear combinations
where ω = exp(i2π/3). These new operators satisfy the chiral relation Rd † +,Γ = d † −,Γ under the lattice reflection operation R, where the mirror plane is located through bond centers of hexagons. We notice a close analogy with the magnon instability at the saturation field in the triangular antiferromagnet (TAF). 62 In this problem, there are also two different lowest energy onemagnon excitations from the fully polarized state at different wave vectors Q and −Q on the corners of the triangularlattice Brillouin zone (the equivalent of the K and K points in Fig. 4) . The magnon operators can be expressed as separate contributions from three sublattices of the triangular lattice, Λ n , as
in which we recognize the same form as Eq. (11). Further using the information from the TAF studies, we anticipate that these magnon creation operators can represent three different spin structures:
24,62 the so-called V (or 0-coplanar), Ψ (or π-coplanar) and umbrella states, shown in Fig. 5(b) . In the case of the TAF realized in the XXZ model, magnon interactions select one of the three states due to the spin anisotropy. In a mean-field (MF) approximation, an easy axis (plane) anisotropy selects the V (umbrella) state. 63, 64 Quantum fluctuations somewhat modify the phase diagram by inducing the appearance of a new Ψ phase. 24, 65 In the next Sec. II C, we derive magnon-magnon interactions generated by perturbative processes, and in Sec. III we proceed to a MF calculation to investigate which spin configuration is selected by magnon interactions in our case.
C. Magnon interactions
Since the two types of one-magnon instabilities studied in Sec. II B had degeneracies, we need to include an extra energy scale to resolve them. The interactions between (dilute) magnons will take care of this role. In the following, we compute these interactions by considering excited states with two magnons and by applying degenerate perturbation theory.
We restrict our analysis to the evaluation of two-body interactions by working on the magnetization sector with two magnons, ∆S z = −2. As discussed shortly below, we do not include the states where two magnons exist within the same hexagon. Up to third order, we obtain the interaction terms
where
Those three terms respectively contain assisted hoppings, pair hoppings, and repulsive density interactions. The details of the processes, including the definitions of the indices r 1 , r 2 , r 3 , are given in Fig. 6(a) . Explicit forms of the nonnegligible coefficients T , γ, and U are listed in Appendix A, and the amplitudes of the five largest processes as functions of J are plotted in Fig. 6(b) . In the regime of low magnon density, the probability of having more than three magnons nearby is small; the validity of this effective model thus extends to lower magnetization sectors. Several simplifications have been made to derive the interaction terms. First, we discarded processes of longer ranges which appear only at third order and of small amplitudes 0.01J 3 . Second, we did not take into account the localized magnons (flat band) c † I , which should however be included at high magnon density in order to recover the m = 1/3 plateau. Third, we also ignored all the processes involving an additional type of bosons. In the sector ∆S z = −2, there is another degenerate local excitation where a single hexagons is excited to | − 1, 0 A . This local excitation, interpreted as a bound pair of magnons on an A-hexagon, is however dispersionless up to third order and can only decay into two neighbouring magnons a † (14) . The top row represents the assisted hoppings, the middle row the pair hopping, and the bottom row the density-density interaction terms. Each red hexagon denotes the closed loop of the six B-sites surrounding one A-hexagon (see Fig. 3(b) ). Green and blue dots represent the magnons (the latter is used for the assisting magnons of top row). (b) J dependence of the amplitudes of the five most dominant processes.
interaction U AB , this situation is unfavorable and the process is safely neglected at low densities. Finally, we explain that the model (13) precludes the formation of two-magnon bound states or phase separation. Indeed, all the density-density interactions in (14) In this section, we take into account magnon interactions and show how supersolid phases develop below the m = 5/9 plateau from the magnon instabilities presented in Sec. II B.
A. Effective spin model
To elucidate the spin structures described with the effective Hamiltonian
given in Eqs. (7) and (13), we start by rewriting the model in terms of an effective spin Hamiltonian. We use spin-1/2 pseudo-spin operators to express the degrees of freedom on the A-hexagons as T (15) is expressed in the spin language. We refer to Appendix B for the expression of the spin Hamiltonian and its couplings.
Among various competing interactions, the two dominant couplings are the nearest neighbour spin exchange J AB between A-hexagons and B-site spins and the second neighbor spin exchange J BB;2 between B-site spins. Here, we follow the same rules of the indices as those used for the transfer integrals in Eq. (7) (see also Fig. 3(b) ), while J AB solely denotes the nearest neighbor ones. As previously, the couplings J AB form a decorated triangular lattice and the couplings J BB;2 produce three layers of large decoupled kagome lattices given in Fig. 2(d) . Both of them are antiferromagnetic, with strong Ising anisotropy. There is also non-negligible antiferromagnetic coupling J BB;1 between the nearest neighbor pairs of B-site spins, with a weak XY anisotropy. We notice that the direct exchange interactions between the B-site spins, absent in the original model (3), is induced by the presence of the resonating hexagons (A-sites), which stabilizes the quantum mechanical spin ordering, as shown in the following section.
The local spin expectation values m p = (m 
and the spin expectation values on the three B-site sublattices are directly given by the original S i ,
(α = x, y, z) for i ∈ Λ n . 
B. Mean field approximation
We now apply a MF approximation to the effective spin model (B1). Then, we take the classical limit, replacing all spin-1/2 vector operators with classical vectors of length 1/2. Assuming a unit cell consisting of four sites involving one Ahexagon and three B-sites (see Fig. 2(a) ), and an enlarged sixteen sites unit cell for the M n instability, we numerically minimize the total energy and obtain the ground-state spin configuration. For the sixteen site unit-cell calculation, we include only U -terms of the interactions (13).
Phase I: Coplanar stripes phase
At J /J = 0.84, we have seen in Sec. II B that the onemagnon instability appears at the three wave vectors M n . Therefore, we assume a spin structure with a four times larger unit cell to allow for a possible superposition of magnon condensates at different wave vectors M n .
We find that the ground state is in fact not a superposition but a coplanar stripe state characterized by only one of the M n . More precisely, magnons on the sublattice Λ n and Ahexagons form a Bose-Einstein condensation (BEC) at one selected wave vector M n , giving a finite expectation value d † n,Mn ∝ √ N e iϕ along stripes in real space. For instance, the spin configuration corresponding to the M 1 wave vector can be written as
whereas the spins on the B-site sublattices Λ 2 and Λ 3 remain fully polarized. Here, the origin of the coordinates is located on a hexagon center, and the canting angles, 0 ≤ θ 0 ≤ π and 0 ≤ θ 1 ≤ π, are numerically evaluated. Because of the non-zero wave vector, the unit cell is doubled in the direction r M 1 and contains eight spins, i.e. two A-hexagons and six B-sites. Thus, the supersolid phase breaks the C 3 space rotation symmetry by choosing one of the three wave vectors. In total, the transition from the m = 5/9 plateau to the supersolid phase at lower magnetizations is accompanied by the U (1) × C 3 symmetry breaking. The local magnetizations in the original kagome lattice are numerically evaluated in Fig. 7 .
One sees that even though we introduced magnon interactions, the B-sites on sublattices Λ 2 , Λ 3 , remain fully polarized, and the magnetization slope comes only from the A-hexagons and Λ 1 sublattice. The physical picture of the supersolid phase is thus the alternative alignment of stripes formed by the superfluid and supersolid components. The rigid solid component is protected by the kinetic frustration effect. As shown in Fig. 5(a) , the Λ 2 is connected to the two A-hexagons on different stripes, and since A-hexagons have an alternating phase, the contributions of hopping to Λ 2 B-sites from the two superfluid stripes cancel out. This happens also for Λ 3 B-sites. We conclude by reminding that although the curve presented in Fig. 7 extends down to m = 1/3, the validity of our approach breaks down before reaching the 1/3-plateau and another phase transition might occur.
Phase II: Coplanar V phase
In the case of J = 1, we have shown in Sec. II B that the instability appears at the Γ point, with a degeneracy originating from a chiral degree of freedom defined on the B-sites. In our MF calculation, the numerically obtained spin structure preserves the four sites unit cell of the Hamiltonian with one hexagon and three B-sites, consistent with the wave vector Γ. To confirm our finding, we performed the energy minimization for the extended sixteen sites unit cells in the whole magnetization range 1/3 < m ≤ 5/9.
In the ground state, we find that the spins on B-sites have the three-sublattice structure of the coplanar V state configuration shown in Fig. 5 . In Fig. 8 , we plot the sublattices magnetizations and see that this V structure has the feature that two sublattices are still almost fully polarized. Below the plateau, the A-hexagons keep the original magnetization S z = 1 coming from the |1, 0 A states, and the spin structure on the B-sites is given by the superposition of the two con-
N e iϕ with an equal weight and an equal phase. Further decreasing the magnetic field, the spins on the A-hexagons gradually start to cant. One of the spin configurations can be written as
with the numerically evaluated 0 ≤ θ n ≤ π, (n = 0, 1, 2). Using the relation (16) between the hexagon pseudo-spin and the original A-sites spins, we see that this translates into a coplanar configuration over the whole lattice. The magnetization per spin m of the whole lattice, given by
is plotted in Fig. 9 . The curve shows a finite slope comparable to the numerical results. 48 The state below m = 5/9 developing from the Γ point instability is therefore a supersolid whose solid component keeps the resonating hexagonal structure which has the same symmetry as that of the m = 5/9 plateau ( √ 3 × √ 3) state, whereas the transverse (superfluid) component breaks the U(1) spin rotation symmetry and space C 3 rotation symmetries. The transition out of the m = 5/9 plateau state to the supersolid is therefore accompanied by the U (1) × C 3 symmetry breaking.
Comparing Fig. 7 and Fig. 8 , it is interesting to remark that the magnetization curves below the plateau are similar between the two coplanar stripes and V phases. Namely, one of the B-site sublattices carries the magnetization process, assisted by the A-hexagons. The two other B-site sublattices are either fully polarized or very weakly canted. The symmetries of the two phases are nonetheless different. Thus, even though we cannot predict for sure that the V phase is realized for the kagome limit J = 1 rather than the stripes phase, this common property of which subset of the sites participate in the magnetization process (or, equivalently, to the superfluid) could be an intrinsic feature of a supersolid below the m = 5/9 plateau.
IV. OTHER PLATEAUS
Finally, we briefly report our results on the magnon instabilities for the plateaus at m = 1/3 and 7/9, and for the upper boundary of the 5/9 plateau. To analyze them, we use essentially the same method as in Sec. II. The only difference is in the choice of the low-energy degenerate space, which depends on the energy level structure of Fig. 2 .
One may expect that the lower magnetization regime in the range 1/3 < m < 5/9 is accessible from the higher critical field of the 1/3 plateau phase. This is, however, not the case. To see it, we start from the exact ground state at J = 0,
and calculate the one-magnon excitation energy in the sector ∆S z = +1. The lowest magnon state from |Ψ 1/3 is created by exciting an A-hexagon to |1, 0 A;I . For the same symmetry reason as in Sec. II B, the magnon is localized at any order in J . Up to third order, the higher critical field is h c = 0.685 + J + 0.274J 2 − 0.17J 3 , which takes the value h c = 1.79 at J = 1. This is quite far from the DMRG value h DMRG c 1.2. 48 We further considered the second and third one-magnon states, obtained by exciting a hexagon to the second and third hexagon states |1, 1 A;I and |1, 2 A;I respectively, which are both two-fold degenerate. We find that those four magnons are dispersive but all have very weak hoppings amplitudes. Consequently, the aforementioned flat band always remains the lowest energy excitation. The fourth magnon state is also localized and remains a high energy excitation.
Therefore, none of the magnon excitations studied appears to be relevant for the transition at the higher critical field of the plateau m = 1/3. This suggests that the transition would rather be of first order and hence not accessible from our method. This is consistent with the 36 sites exact diagonalization spectrum, which found no evidence of the crystal order just above the plateau. The lowest one-magnon state in the sector ∆S z = +1 starting from |Ψ 5/9 has one excited |2, 0 A;I hexagon. Like in the other cases, its k = π momentum results in an exactly localized magnon. At third order and for J = 1, we evaluate the upper critical field h c ∼ 2.68, which is comparable to the DMRG value. 48 Two degenerate magnon states are then obtained by having one hexagon in the twofold degenerate |2, 1 A;I state. Up to third order, those magnons have a small chemical potential, as well as negligible hopping amplitudes (∼ 10 −3 at J = 1). Therefore, they cannot overcome the flat mode. We also note that, combined with the results from Sec. II B, the m = 5/9 plateau is stable against magnon excitations in the whole range of J , particularly at J = 1 in a finite field range 2.3 ≤ h ≤ 2.68. We find the same almost dispersionless behaviour for the third magnon state. According to the DMRG results 48 (but not to the iPEPS results 55 ), the magnetization process at the plateau upper boundary is very steep. This could suggest that some nearly flat modes contribute to the transition. However, it is beyond our scope to deal with magnon instabilities that have magnetization differences from the plateau value by more than one and thus we conclude by stating that our finding of magnons with extremely small bandwidths can be compatible with numerics.
Starting from |Ψ 7/9 = I |2, 0 A;I i | ↑ B;i (which is the exact plateau ground state also at J = 1), we excite one hexagon to |1, 0 A;I to construct the lowest one-magnon state. As for the previous lowest magnon states, the effective hopping exactly vanishes. The magnon is thus localized and cannot explain the transition. Two degenerate second magnon states are created by promoting one hexagon to one of the twofold degenerate hexagon states |1, 1 A;I . They are, however, difficult to analyze within our perturbative scheme. Indeed, we find that the prefactors of the chemical potentials and the hoppings are almost equal for the second and third order contributions. This indicates that the perturbation is not converged at all; thus we cannot reliably predict if those magnons can achieve a lower energy than the flat mode. The similar lack of convergence is found in the third magnon excitation, which is also twofold degenerate.
Finally, we remind that the transition at the upper critical field, namely the magnetization jump between the plateau and the saturated state, is already known to be the condensation of the exactly localized |2, 0 A;I magnons.
V. CONCLUSION
The magnetization process of the spin-1/2 kagome antiferromagnet is known to be rich, including four plateaus at m = 1/9, 3/9, 5/9, 7/9. 44, 48 In this paper, we disclosed that the kinetic frustration effect plays a key role to protect the plateau phases against the instability toward forming a superfluid, and generate a supersolid phase just below the m = 5/9 phase.
On the plateaux m = 1/3, 5/9 and 7/9, numerical simulations revealed a magnetic nine site unit cell, further decomposed into a "resonating" hexagon and three fully polarized neighbouring spins. We studied a J − J model on a hexamerized lattice, explicitly partitioning the lattice between the hexagons (A-hexagons) and the polarized spins (B-sites). We then examined the possible instabilities of the plateaux upon varying the magnetic field, by perturbatively calculating the energies of one-magnon excitations from the exact limit J = 0 towards the kagome lattice J = J. Within our approach, the condensation of magnons formally corresponds to the formation of a supersolid phase.
We particularly focused our analysis on the instabilities at the lower boundary of the m = 5/9 plateau. The points clarified are summarized as follows: The excitation from the plateau is described by the introduction of a magnon on each A-hexagon and/or B-site, and the symmetry of the Wannier wave functions of magnons on A-hexagons turned out to be important. Many of the magnons remain localized on Ahexagons, since the symmetry of their wave functions allows the destructive interference of two hopping paths from the adjacent sites on A-hexagons to the neighboring B-sites, which is a typical kinetic frustration effect. Resultantly, only part of the A-magnons become really dispersive, and contribute to the normal one-magnon instability. This is, however, not the end of the story. Through virtual perturbation processes mediated by the A-hexagons, B-magnons acquire direct itinerancy to further B-siteneighbours, a hopping not explicitly present in the original model. These couplings eventually become relatively strong. The resultant hopping paths are complicated and competing, which work destructively with each other, generating several minima in their energy dispersion. A large difference in chemical potential between A and B-magnons also induced by the perturbation works to select part of these competing hopping paths, which effectively works as another aspect of kinetic frustration. Eventually, by introducing an inter-magnon interaction at the same order of perturbation and in recovering the original model parameters of the uniform kagome anti-ferromagnet at J = J, we reach a supersolid phase where one of the three B-sublattices dominate the magnetization process, while the A-hexagons keep the resonating structure of the m = 5/9 plateau.
The instabilities at other plateau boundaries are also studied within the same perturbative approach. For all the transitions we considered, we essentially found that none can be reliably described by a simple one-magnon condensation. Indeed, the lowest one-magnon state always gives an exact flat band, and higher excitations do not achieve a lower energy, mostly due to very weak effective hoppings. It suggests that we should look for other mechanisms in order to describe the transitions other than below m = 5/9.
The supersolid discussed in the atomic Bose gas systems and in the XXZ quantum spin systems were supported by the extremely large competing interaction with the aid of small quantum fluctuation. In the present system, however, an applied magnetic field partially resolves the degeneracies of the energies, inducing crystal structure of resonating hexagons. The presence of resonating hexagons efficiently suppresses the kinetic energy scale as well as select the path of superfluid in real space, providing good description of how such supersolids may further enrich this celebrated magnetization curve.
